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IX. Cn Infinite Series. By Edward Waring, M. D. F. R, S. Lyca-
flan Profeffor of Mathematics in the Univerfity of Cambridge.

Read March 24, 1791,

1. ERCATOR firft publithed the contiuation of the
common method of divifion to an infinite feriss of
terms proceding according to the dimenfions of a variable quan-
tity ; NewTon did the fame for the common method of ex-
tration of roots. Dr. Barrow before applied the fame princi-
ples in fome eafy examples to find the afymptotes of curves.
2. The methods of divifion and extra&ion of roots were
long before taught; but the continuation of them 7 7u-
ﬁniz‘um would have been ufelefs, as the arez of curves, whofe

n

ordinates are ax™ (where # denotes the abfcifs, and a, #, and 7
invariable quantities) had not been difcovered many years before
the time of Mgrcartor’s Publication, and confequently it
would have been of little ufe to transform an ordinate or fluxion,
whofe area or fluent 1s unknown, into another form, of which
the area, &c. 1s equally unknown.

3. Sir Isaac NEwToN extended the rule for raifing a bino-
mial (to any affirmative power) to negative powers, the ex-
traClion of roots and frational indexes, by applying the law
of the feries for affirmative powers to them, and continuing it
in infinitum. M. DE Morvre extralted the root, &c. of a
multinomial by a feries of a fimilar nature; but thefe methods

will
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Dr. Warive on, &c. 144
will only apply in the moft fimple cafes, when not more than
‘one root is to be extrated. In every complicate cafe (viz.
the extration of roots of quantities which involve the roots of
compound quantities) of irrational quantitics, recourfe muft
be had to the old methods of multiplication, divifion, and
extraétion of roots.

4. If a root of a complicate irrational quantity be required
by a feries proceeding according to the dimenfions of x; firft
reduce all the irrational quantities contained under the root by
multiplication, divifion, and extra&ion of roots into {feriefes
proceeding according to the dimenfions of ¥, fo that the terms
of the leaft dimenfions be conftituted firft, if an afcending
feries be required, and fo on; and the contrary, if a defcend-
ing ; then add the feveral fums together, and extratt the root
of the refulting fum by a feries which proceeds according' to
the dimenfions of #, and it will be the root required.

Ex. Let the value of the quanfity v (e tb+coax

7 (d+ex+/(f+83)) +/(b+ k")) be required by an af-

cending feries; firft, extra& the innermoft root ./ (f+g+")=,

fie &c. which add to the quannty d+-ex contained un<
2]7'

der the fame voot (), and place the terms of the fum

according to the dimenfions of x, and it becomes (d+ /%) +ex+,

£ _ &c. of which extra& the (m) root, and there refults

2f*
—.—E—-l-h -—-.—-_-
m

(@ +/3+ 2 < TH T

T——2m

ex+;x-a—-»><a’+fz o xe]x +,

+ xd+f3 4 f z ™ X—ﬁ j
&c. multiply this feries into &4cx, and thence is. derived
X 2 bx
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1—m

. i 4 t—
b xd+f%5+;—b xd-+jim xe|vy&e=P; extra the root

+ cxd+f in
e T — yi . .
VDA kxt = b 4 é—/—: + &c. = Q; add the three quantities P, Q,
2b6*

and x—* + a contained under the fame root v/ together, and the
feries refulting, whofe terms are conftituted according to the

dimenfions of x, will be w4 (a+bxd+fin+ b= A) +

(%éxa’ +f§7xe+cxd +f%';:B)x+&c.; of which ex-

tract the cube root 7, and it will be ¥4 1A L 1Bt + &e.
the root required.

5. The principal vfe of reducing quantities into feries pro-
ceeding according to the dimenfions of the variable quantity is
as before mentioned for finding the area of a curve from its
ordinate; or, which correfponds, the integral from its nafcent
or evanefcent increment; but the feriefes deduced thould con-
verge, otherwife from them cannot be found the area or integral.
In the Meditationes Analyticee a method was fir{t publithed
of finding when thefe feries will converge and when not, e. g.
the feries a+dx+cx”+di’+&c. = [ (A+Bx+Cs"+ Dx*+
&c.)” x & =P will converge when (x) either affirmative or ne-
gative is lefs than the leaft root («) of the equation A+ Bx -+

“%” 4 Do’ 4 &c.=o, if the roots are poffible. A fimilar rule is
given when fome of the roots are impoflible. The feries will di-
verge when # is greater than «, and the cafesare given in which
it will converge when x =«. The feries defcending according to
the dimenfions of » will converge when & is greater than the

greateft root of the equation, &c. Thefe principles are fur-

2 ther
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ther applied in the fame Book to complicate irrational alge-
~braical fun&ions of x, &c.

Hence moft commonly the feries for the area contained be-
tween two ordinates, or integral between two different incre-
ments deduced by the common method will diverge ; on which
account, in the fame Book, is given a method by interpolation
of finding the area or integral contained between any two dif-
ferent values of ¥ by converging feries, if the area, &c. is finite.

6. To find whether a given value (+4) is lefs than the
leaft affirmative or negative root (x) of a given algebraical
equation A+ Bx+Cs" 4+ Da’+ &c. =0, if all its roots are -
poffible ; transform the equation into another, whofe root % is

the reciprocal of the root x= L of the given equation, and for
z

% in the refulting equation write refpeively v+ 2 and v—a;
and if from the former fubftitution all the terms become ne=
gative or affirmative, and from the latter they become alter-
nately negative and affirmative, then will 4 be lefs than
the leaft root of the given equation. If in the fame manner, in
the given equation for x be fubftituted v 42 and v -2, and
the terms refult as before, then will () be greater than the
-greateft root affirmative or negative of the given equation.

7. When the integral of an algebraical quantity, whofe in-
crements are finite, is required ; firft, by the method given in
Medit. Analyt. inveftigate the integral in finite terms, if it can be
exprefled by them; but if not, reduce it into infinite feriefes of
which the integral of each of the terms ¢an be found, and alfo
the feriefes for finding the integral contained between the two.
different given values of the variable quantity may converge.

Seriefes of this kind have been given in the Medit, Analyt.

and innumerable of a like kind may be added for finding
integrals.
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integrals by convergmg feriefes either afccndmg or defcen&mg,
of which the given increments are either finite or evanefcent.

7. 2. It may be obferved, that generally the particular cafe of
which the increments are nafcent or evanefcent may be deduced
from the general, in which the increments are finite ; and con-
fequently in many cafes the general will, mutatis mutandss,
correfpond to the particular; e. g. 1. the integral cannot be
exprefled in finite algebraical terms, when any fa&or in the
denominator of the increment has not a fucceffive correfpon-
dent one; which is analogous to the cafe of the fimple divifor
in the denominator of a fluxion publithed in the Quadrature of
Curves. 2. Nor can it be exprefled by the above-mentioned
terms, when the dimenfions of the variable quantity in the
denominator exceed its dimenfions in the numerator by unity,
which correfponds to a fimilar cafe in fluxions firft given in
Medit. Analyt. To thefe may feveral others be added.

8. Let the fluent of the fluxion (A 4-Bx"+ Ca" 4 &c. )" x
501 = an® o bt e cxt e &c, = (A4 Ba"4-Ca o &c. i x
oux? 4 Bxe“f:" + qaftan T &c. = a'xr + Yo g &, =
(A 4+ B 4+ Cor - &)+ X o 2+ Ba— o/ &+ &c.

r.If theinfinite afcending feries oa® 4- Lxf+" 4 9af+27 4 &c. con=
verges, then will the feries aa? 4 b7 4- caf2 4 &, converge,
and nearly in the fame ratio; and wvice verfd, if the former
diverges, the latter will alfo diverge. In the fame manner if
the infinite defcending feries &/a* 4 B/x"" 4 o/ —2" 4 &c, cons
verges, then will the feries a’x*+44/x*" 4 ¢’¥*—"4 &c. con-
verge ; and if the former diverges, then will the latter alfo
diverge; and in all the cafes nearly in the fame ratio, except
only when their convergency is the leaft,

i 2, If
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2. If the feries a1+ bu+ 4 cx”++ - &c. converges, then will
the feries a’a* + b/w>—" 4 ¢’a*=*" 4 &c. diverge, unlefs in cafes of
the floweft convergency, where #===v+/==1, and all the
roots of the given equation are of the formula —=v NE BT
when » = ==v /=1, the fucceffive terms of the infinite feries
deduced from algebraical quantities by the preceding method
will ultimatelv, that is, at an infinite diftance come more near
to a ratio of equality with each other than any affignable
difference. |
3.If the fluxion be (A +Bs"+ Cx> . . .. #”)" x x*~%%, then
will A\=mrn+0, and A’ =0 —rn.
Many more propofitions concerning infinite {eries and their
convergency are given in the Medit. Analyt.

4. Let the fluxion be a+ 62" X x"%, of which find the fluent
‘in a feries afcending according to the dimenfions of #7, and it
m—1 b

ot g b1 L m L My e X N2E
will be X @t ¥t (oo s X 2 W M s X SR

W x’””"l“l’,'i'l
Tmntht T

+ &c.=a+ bx”m+r

m—1 m—2 b3 V
m, — . : X = X3t &c.) =
+ 2 3(h+3n+1) @ + )
b gt BFUE SN Lo S e

+]

munth41—n . ‘2 x mn--h<1—2n
(xb+r ?;E(n)+b+l-xixb+"+l (m+1(n)+ b4 1) (m4-2(n) +hy 1)

b+vra~h+x.b+1+n @ + ht1oht14nu.b+1d42n
X'&i:‘ x’xb+z,+1;(‘m-\k!'ﬂ+’]+}'1)-(m+2n+ﬁl)-(m+3”v+>b+l) X}
a b+1.b+x+n.b+l+2n.i)+1+3n~

Bt g &c.) = (b + a)mts

xb-{-b—-n - ;
at N

((mn+/9+ 1)b

o h-4-1—na
mn b1 o muh41—nb”

__riomxbrizanxd oy e - G, (L) The
mn b+ va‘mn—{-b-i- 1~ nXmnh+4 1—=2086°%
furfk

% xb—l—:——zn +
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firft feries, which afcends accoiding to the dimenfions of ",

terminates, when”2"2*% js 3 whole negative number; the
n . P

fecond, which defcends according to the dimenfions of
the fame quantity x”, terminates when P11 s a whole
n

affirmative number. The fluent will terminate both ways

h4+1 . .
when 2YL is a whole affirmative and 7 a negative num-
»»n

N
ber greater than ot
F73

o B g p m )
5. When # is a whole number or =o, the fluent [ a4 65" x*%

can always be found in finite terms of w, or in the above-
mentioned finite terms, together with the log. of «;

which appears from reducing a+ b into fimple terms
a” -+ mar=r bx" +m . ?1-211- a2 b’ x + &c., and multiplying them

into x*x, and finding the fluents of the refuiting fluxions : but
the feries found by the preceding method will not always ter-
minate when 7 is a whole number, and the feries findable as
above mentioned; when properly correéted, it may be ren-
dered findable, or, which means the fame thing, the feries
may be made to terminate.

6. When the ferics' which exprefles the fluent of a fluxion
terminates, we may begin either from one end of the feries,
or the other; for example, in finding the fluent of the fluxion

e ] : . . — g} T
a-+bx* x x"x, either afflume the feries a4-dx* x (axb+r

. P N
BocbHrtr p gbrartt L &c,) or the feries a4 42" * x (A +Bx"+
Cx 4 &c.) ; the former, as 1s before mentioned, terminates
when
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‘ T .o ) o b 4
mr+ bt a whole negative number the latter when +r
n n
is a whole affirmative number.
In like manner affume for a defeending feries (bx" 4 a)y*+* x
(a/xP =" 4 Gxbti=z o o/wbti—sn 4 &el), or (b zz)’”+‘ %

¢ Ax—rFor 4. By—For 4. Co—rt37 4 &c.)3 the former will termi-

, b1 - :
mnate when i”_;f is a whole affirmative; the latter when

“when

mmth+ 14 whole negative number,
n

It appears, therefore, that a feries will terminate equally
by an afcending or defcending feries; and the end of the one
afcending feries is the beginning of its correfpondent defcend-
ing one. All thefe feriefes, which do not terminate, proceed
on 7n infinitum 3 one term in the former feries becomes infinite,
when 41 +2z=o0; and in the latter (I.) when mnz 4541 =
mn =0, % being a whole affirmative number.

10. It has been obferved in the Medit. Analyt. that if fome
quantities contained in the given irrational ones are much lefs
or greater than the reft, it may be pteferable in the former
cafe to reduce them into{eriefes not proceeding aecording to the
dimenfions of », but according to the dimenfions of thofe
quantities; and in the latter cafe according to the reciprocal
dimenfions of them § and particularly fo if the fluent or inte= .
gral of the terms of the refulting feriefes can be found in finite
terms, or by tables already calculated.

From fimilar principles to thofe before given may be found
when the refulting feries will converge, and when not:

This method will in many problems be ufeful, when the
value of a near approximate is known.

Vor. LXXXI. Y Of
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Of this cafe 1 fhall fubjoin a few examples, of which fome
~have been already publithed in the Medit. Analyt.

Ex. 1. Let the fine and cofine of a given arc A be refpec-
tively s and ¢; then will the fine and cofine of an arc A +e,
where e bears a very {mall ratio to A, be refpetively

V s
€2 s 2 ce s 4
S+ = e* — A e* 4+ &c. (the figns pro-.
.+r .25t 1.2.31‘3+1.23‘.4r4 ! 4 ( gns p

ceed by pairs alternately negative and affirmative) = s (1 —

1 2 1 ¢ a3 5
R —~;xe-&c)+c(_-_ + d
1. 27 c 24347 roo1.2.303 1.2.3.4.5°

'-&C.)v; and c—“e- ! - ce" 4 ! : xse’-}-&c. (the figns

I .27 1.2.31'

proceed as before by pairs alternately negative and aﬂirmquve)

1 1
=¢(1 - l.mze + 1.2‘3.“26’ - &c.)
I
2 3 4 '74 - &C’)
This feries can alfo eafily be derived from NewToN’s feries

by plane trigonometry, and will converge much {wifter than

, . A3 AS .
the feries A - —— 3r2+2_3_4.514-—&&. &c. if e bears a {mall

proportion to A.
Ex. 2. Let ¢ be a {mall quantity in proportion to #, and the

¢ i ate+e* ;  (ate+¢)?

- £ -
given fluxion ey ey e W + ETRL x £
(ate4-e*)® __t o _ -2t X .
mx t+&c.—,_,+lﬁ (#_i_tz),,_x ¢ L X € 4

-L—-—_ 2,2y 7 . .
ztxif-’-(—j—}'_l_—t,—;'—'f x ¢ 4 &c.(P); the co-efficient of a term
£ x e of this feries will be a fra@ion whofe numerator is
P —miI. Z X2'xExr 48 Amtz. '”J;I . sﬁ .
me—X 4 4, TETTTRET2 m-2 m+I m m—1 m-—2
-———-XZXt XI"+[ 7n+ o —— « — o .

4 - 27 2 3 4 5 6
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it

. k] . 2N,y

x2°x " xr 40 "+ &c., and denominator (4 £)+1; and
the co-efficient of a term 7 x ¢ will be a fra&ion whofe
m+1  m

. 8 . : n 2
numerator 1s zt x(m41 .1+ —m+ 2

2 m+1 m.  m—1 —_—tm—
F«. + 2 x g

YRR S +m+_,. 3 2 3

&c.) and denommator (7" + 1)+ 5 m being a whole number.
The continuation of thefe feriefes is too evident to nieed enun=
ciation, as muft generally be the cafe when the number of
facors contained in the fucceflive terms continues the fame or
mncreafes in arithmetical progreflion ; and the faCors them-
felves increafe or diminith in an arithmetical pfogreﬁion: the
terms proceed alternately 4 and — by pairs.

¢ ¢ 2tefe* X ¢

2. 2. Let the given fluxion be ~ T SR iy
{atete*)> x¢" é ate LT =2l 2
G &C'_r o Py I &,

{(Q); this feries becomes the fame as the preceding by fubfti-
tuting in it ¢ for #} in this feries ¢ 18 confidered as variable,
in the preceding 7.

The fluent of the former feries (P) 15‘/7 e ﬁ -

- LA m2) ) x ¢~&ec.; the fluent of the latter
() . (4153
ferxes (Q) is the {fame as of the former (P) except the firlt

term ‘/—‘-TT the co-efficient of the term ¢? in the fluenits will
T

be the fame as the eo-efficient of the term e~ in the feriefes

(P) and (Q)) divided by 4.
This feries, when the tangent of a given arc is known, finds
the arc whofe tangent differs very little from the given tangent.
11. Let # be increafed or diminifhed by a quantity ¢ in
(P), where ¢ bears a very fimall ratio toany root or value of # in
Y 2 the
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the equations P=o0 o-xf% = o; and the refulting quautity

expanded into a feries a4 be +4-ce’ + de” 4 &c. proceeding accord-
ing to the dimenfions of e, aud this feries be multiplied re-
fpe&ively into £ and ¢; and the fluents of the refulting
fluxions found; then will the former differ from the latter

3

byfat for the former will befat +ae 4 _; % ¢
+——-—‘~I——:—~5+ &ec., and the latter (l/’+
2. 341

2. In the {fame manner, if more than one vanable quan=
tities x, ¥, %, &c. are contained in (P), which are increafed
by {mall increments or decrements =z, 3, ¥ &c., may the
increments or decrements of the quantity (P) be deduced from
the incremential theorem.

Ex. Let the quantity (P) be (a+5x7)", and a, 4, x, n, and
m be increafed by very fmall increments «, 8,9, d, and ¢s
then will (@42 +6+0 x A?I;"H)ME ={a + bty 4 (a4 bor)™ x|
log. a+bx" Xe+mx (a+bx Y= x (a+Lx"+b (28 x log. x+'
ﬂx"“"y)) 4 &c. k »

The terms are to be fo placed, according to the dimenfions
of the increments or decrements, that the greateft may firf}
occur.

12, Let {fome compound quantities be increafed by any fmall
quantities variable or invariable, but not the variable quantities
contained in them; then reduce the given quantity into a
feries proceeding according to the dimenfions of the {mall
quantities, and find the fluent, integral, &c. as required.

&7 - 2"
¥ +d'+8) (" +d)

B

Ex. Let the given quantity be
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rBrs™ k. rd1 Bx™ R r41 rte Bl +
")t 20 ()T 2 3 ()T
&c., where the quantity x"44" is increafed by a fmali quan-
P Pt ;__ B (
+4 +ﬁ) (" 4d")

tity 3; then wil J( ~

7/1+L'

. 2 m+

- P). 78 - (m 4+ 1-r

. r”’x‘ )+2.nx<l"((x"+ s ( + + I”) % Q)

7‘,';'_:;‘83 P 7. r+1 r-{-z B
m41=-r+2n)xR

2.3.;nXan((xn+aa)r+z ( + + ) )+ 2. 3 4. nxa

m—-1 - B — 0
(( ”1 7 ~(m+1—r+3n)xS) &c.  The contmuation of
x a .

the feries 1s evident; thc letters P, Q. R, S, &c. denote the

fluents j;x o) f 1 )+, ﬁxn::f)+z, &c.

From the length of the arc of an hyperbola or ellipfe given
may be deduced by this feries the length of a correfpondent are
of an hyperbola or ellipfe, of which the equations exprefling
the relation .between its abfcifle and ordinates differ only by
very {mall quantities from the equations exprefling the relation
between the abfciflze and ordinates of the former.

13. The fame principles may be applied to the refolution of
algebraical, fluxional, incremential, &c. equations.

Ex. Let LmM, &c. (Tab. IV. fig. 1.) be a given circle,
whofe center is C and radius (r), and it be required to find an
arc LM, {o that the area LL.SM defcribed round a given point S
contained between the lines LS, SM, and the arc of the circle
LM be equal to a given area ().

Find an arc Lm=A nearly equal to the arc required LM,
of which to radius 1 {ubftitute s for the fine, and ¢ for the co-
fine, and write ¢ for sM=LM ~Lm and 4 for SC; then will

LMx (A% ex £ )==8Cx = x fin.s arc: LM( 2 x (Ao~
Ate
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Ate At A b r b
4 &) o xr=- X rsd =D X o X 6=

2.37% 2.3.4.57* ) 2 2 2 2 -

P 1

f-x(-x:e"-ﬁ
2

W

I
s X 67 e X 56" - ~—x ce' 4
2.3 2.3 .47 2.3.4.5

. L — Arzed .
&c.) =a; in this equation for Z=T X" fubftitute , and
r&be ’

for razbe write £, and the equation refulting will be e==
. , 5

I) ” . X e 04‘_'“ .;,.,.._w,.______ X ce

e § I e X P e’ =ts
T A T T T I1.2.3.4.5t%
From it find e in terms proceeding ac-

== & = .

cording to the dimenfions of =, and there refults e=7o=
bs 2 bs? = bit 3

B ot i VPPLE ST 0

1. 2tr 2.3 .

- This method of refolving KerLer’s and other problems of
cutting a given area defcribed round a point, whether focus or
not, in a circle, when an approximate fufficiently near to the
arca to be found is given, will converge as {wift as any known
method.

The refolution of this problem may be deduced fomewhat
different by the following methods. Let the letters &, 7, a,
denote the {ame quantities as before, and s be the fine of the arc
L to radius 1, and s+ o the fine of the arc LM nearly = Lm ;
then will 22 f———————-‘. — = xT¥o=a; reduce the fluxion

2 (i=sta) 2
into a feries Ps+ Qus + Ro’s +S0% + &ec. and find

V=550)
the fluents of the fluxions Qg, RS, Ss; &c., which let be B,

) V~. . 2 4 D . '
C, D, &c., there will refult the equation 0+%—0 + T03 + &c. =

sambrs—y X A . .
~—1'———;————~=7r, where #=Br*==br and A=arc Lm; find o
in terms of a feries proceeding to the dimenfions of =, and

confequently s+ o the fine of the arc LM required.
From
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From fimilar principles may be fowd,the tangent of the

arc required from the eqmtxon - — =t __’_“Zfi_’f_’f_-_— 2,

where the tangent # to rad. 1 of thearc Lm: A isgiven. Letthe
. R . " . .
fluent of the fluxion (m) = A4+B+Cr+ D+ &c. g

and e 2. L v + B + C’7 4+ D7’ + &c., the equation

V(1 +z+z)
__C’ rD==D’ ')'2-——7‘zr'\I.”AI
will become 74—~ ST P T X 7+ &c. = =EDe T 73

from - this equation inveftigate 7=+ Ps" + Qz’+ &c., and
thence 747 the tangent required.

In like manner may be found the fecant, cofine, &c. of the
arc required.

14. The fame principles may be applied to cut an area de-
fcribed round any given point in a given curve equal to an
area a.

Let x be the abfcifs and y the ordinate of the given curve, and
b the diftance of the beginning of the abfcifs from the given
- poiifts, and let (A) be the area of the curve deferibed round the
pomt S, when the abfcifs is =, which dnffers very hittle from
the given area (a) ; to find the value x +¢ of the abfcifs, when
the area = .

Let y=X a fun&ion of x, and in X for x write ¥ 4¢, and
reduce the refulting quantity (X’) into ‘a feries X + Be+ Ce* +
D¢ 4 &c. proceeding according to the dimenfions of ¢; then

will the area ykion&-}-e Bx+erCs&+eng;é+8zc. =
A+t betke*+ /e’ +&c., and confequently A+ be+ ke’ + /e’ +
&c.==(b==x+¢) xlz = Athethe+le+&c. +5(h==x4e)x

(X+Be+Ce+ Do’ + &c.) = A+ 3(6==x) x X+ (b + o= x
B
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B 1X) e+ (b4 3(02x)C+1B) €+ (1 355% x D4 1C) & 4
&c. = «; find the value of e in a feries proceeding according to the

. y— A—-L(btx) x X
dimenfions of %o 2(t=)
b4 FbzaxB4+1iX
required ; X denotes the value of y, when the abfcifs =#.
From the fame principles may the ordinate v, &c. be found.
This problem may be refolved in the fame manner, when
X denotes an infinite fertes deduced from an equation exprefling

the relation between the abfcifs and ordinate of the given

, and x-e¢ will be the abfcifs

curve.
If the given area « be the difference between two areas

SPM (&) and SPQ=g (fig.2.) ; for « fubflitute ' — 3, and the
operation will be the fame as the preceding.

15. 1. Given any equations, of which the increments of
the quantities contained in them can be found from each other,
and given approximate values of each of the unknown quan-
tities, which nearly correfpond to each other ; to find approxi«
mations, which differ lefs from the quantities themfelves than
the given ones.

Suppofe .each of the given approximate values to be in-
crealed or diminithed by fmall increments or decrements, as
¢, 0, i, &c. which are the approximations to be found; and
from the given find the equations refulting from this hypo-
thefis; and from thefe may be deduced, by fimple equations,
the approximations fought ¢, 7, o, &c. by negleting in them all
the powers of ¢, 0, 7, &c. except the fimple ones, and all the
produéts of them multiplied into each other; and confequently.
the equations deduced will contain only given quantities and
fimple powers of the unknown e, 7, 0, &c. to be found.

2. When two or more (#) values of one (#) of the unknown

quantities are nearly equal to its given approximate ; then the
7 equation
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equation which finds the approximate to # will be a quadratic
or an equation of zdimenfions.

3- The approximations found by this method will converge
more or lefs, according as the approximations given are more
or lefs near to one value of each of the unknown quantitiés
than to the remaining ones, &c.

Thefe principles were printed in the Medit. Algebr. in the
years 1768 and 1769,

LEMMAt

15. Let £ab (fig. 3.) be a circle, whofe center is 03 and Po per-
pendxcular to the plane of the circle; and the force of any cors=
pufcle in the circle on the particle P vary as the corpufcle
divided by the (#) power of its diftance from the particle; to
find the attraction of the circle 244 on the particle P.

From the fuppofita the force of any ring contained between
the neareft concentric circles /cd and bef of which the center
is 0, on the particle P, will be as the area of the ring divided
by the ath power of the diftance Ph; and confequently if
Po=A, ob=v, h/=v, and p = periphery of a circle of which
the radius is 1; the attralion of the ringon P will be as

2%, and the force of it in the direfion Po as g% o
(A2+‘v’)2
pvo 5 P%’vﬂp; of which fluxion the fluent is

(Ao (AT F
PA ; and thence the force of the circle Z44 on the

s

1-nx (A" o?) *

pxA  pxA ( P )
1—nPA % 1 —nPO™' \ j—nA"?

Vor. LXXXI. Z Cor,

particle P will be as :
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Cor. 1. The force of the area contained between the
two circles kab and led on the particle P will be as —_-_41}7:; -

A 1—nP#
1o

15. Let a folid be generated by the rotation of a given
curve round a line in the axis Po or Po produced, and A the
diftance of P from o, and x==diftance of any circle gene-
rated by the rotation of a point in the curve round the axis
Po from o3 and y the ordinate to the given curve, of which the
abfcifs 1s x; and the f{ame things be fuppofed as befores

then will the attra&ion of the folid on the point P vary as

fpr—xx,aé ( ) j‘ pPXA—x X%
= I(Amyx)" " n—l(l\._;)"‘z )’::.‘
n—1x (A——-x + 5
Let the given curve be a circle, of which the center is o,

and radius l and confequently y*=#" —x" 3ﬂdf-——a———}—,,:;
1 -~

_ “px A xx# _ ?
f )"—’ T on—T.n—3x(A—x)""3

n-_—-I.(A x+y 2

pix Az _ ? P L
f = n—1 . n—3(A—x)""3 n—i\s—3 "'
n—1X (A’-x-t —2Ax/ *

3—n
A% e x n—4A’+t —-n—wa 2 e .
77:2.;1—::5./& n—-5A n— 5.71—3><AZ ) (A + ZAx)
By fubftituting —# and # for x in the preceding expreflion
the attraction of the whole globe on the particle P will be
P (A +n—3At 41 A -n——3At+t
found (”—S n_ngﬁ‘A‘H (L) - ____E;K;
A= f"”(H)).
16. If the particle be f{ituated within the globe, and confe-

quently A lefs than 7 or —#, and # be an odd number negative
or
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or affirmative; or fra&ion, of which the numerator is odd;
then the preceding refolution will be phyfically juft; for in
this cafe, if the attra@ion on one fide of the particle be affir-
mative, the attralion on the other will mathematically be
negative, that is, phyfically oppofite: but if # be an even
number, or fra&ion, of which'the numerator is an even and
denominator an odd number, the mathematical folution will
not agree to the phyfical; for in the former the force on both
fides will be affirmative, in the latter the forces will be oppo-
fite, and therefore phyfically the force in this cafe will vary as
L+ H, and not as L. = H, which is the force in both the cafes
when A is greater than # and =4  The fame may be applied to
the more general refolution.

17. Let ABCD (fig. 4.) be a globe, of which the diameters AB
and CD are fituated at right angles to each other, and AHBL be

a {pheroid generated by the revolution of an ellipfe on its axis
AB, to which let HL nearly equal to CD = AB be the conjus
gate,and P a point in the axis BA produced; to find the attraltion
of -the ring contained between the globe and the fphermd on the
point P, on the fuppofition that the force of any corpufcle in
the ring on the particle P varies as the magnitude of the cor-
pufcle dire&ly, and the ath power of its diftance from the
corpuicle inverfely.

Let AB=CD=2¢, CD=HL (2¢) +2CH=2¢+42¢, and
confequently OH=c=17—¢, where ¢ has a very {mall ratio
to z, oP=A, po=w, and pM parallel to CD=y; then, by

the preceding lemma, the attralion of the circle whofe radius
R

' M on the point P will be 2 -
1 pNLo P : C oa=1Pp"t p—1PMTT

like manner the attra&tion of the circle, whofe radius is pm,
Z 2 will

-5 and in
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. . 7 .._ 9 ¢ A —
will be LXA—=* _ _pxA—x -, and confequently the attrac-
n—-IPp” Y op—a . P
. . , . . XA~
tion of the ring contained between the two circles is —2
& € n—1.Pm"?
pr;_:_cw — P Az
I U ( —:
(A—a\ +t * *2) 2
te— Xm ( “2 \
iy R x atx x e+ &c. X.ez'}‘A
(Eﬁ%zux’) 2 © (AP —2Ax/) ?

A—z

&c.=px (¢ ..§) X X e nearly, which multi-

1
(A2+t2~2Ax)
plied into #, and the fluent of the refulting fluxion found, it

I——n

will be px (A*+7— zAx) x(( 1A_d)x - (
n—17 %

‘ n— 5t
ga’xAz—:—t2 ‘ ATy , _kfw_&xA2+;2
. n—5A _.) (n—3A+zcxn-3x —5}%;—1—”__1 7—1A )
e(M).

If the attra&tion of the whole ring contained between the
fphere and {pheroid be required, fubftitute in the fluent (M)
for x, ¢ and ¢, and proceed as in the preceding cafes; in like
manner may be found the attraltion of the ring contained
between any two values of x.

18. The fame principles may be ‘applied to find the attrac=
tion of the above-mentioned ring, when the line Pp is not
perpendicular to the circles pM, pm, CD, &c., and does not cut
the diameters CD, M’M, &c. into twoequal parts. They may be
further applied for finding the attradtion of rings contained
between any other given folids, of which the equations differ
by very {mall quantities from each other; for example,

7 between
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between two {pheroids, of which the axes in the one do not
differ much from correfpondent axes in the other, in which

cafe the fluents found of the following fluxions may be
ufeful.

1. x 1 x n—4 x

".:_‘wr;—gtzx 3 a—3.u—5* n—5
(’z_xz L2 (12-—.\:'7' 2 (12—#2 2

n—4 .n—0 % * n—qg . n—6.n—8
A—3 . n—5.0—78 @ z) — n—3.n—§.n—7 e u—gf
Fei).

r

o+

(P—=

Z4.7-6.7-8...3. r & -
n—l o 1 n 3.1 xf;?:’_‘}_zlfnbeanoddnuma-

n—3.n—§.n—7 . .8—Qq.. 2" 3

ber; but
/ ——

f ”“ : ==X - =t — e - 5
—a 3  a—3.n—5: =
(t"'—x "5 (P—n*/ * > > (t’-—x’) *

.» n'—4- . 71__6 X __,...;“."—"——7 « e s o o +

‘ ooyl —7 / .

N—3 . N—G =]t i)

n—4.n—6.7=8.2—10....4.2 o % if 7 be

———

W3 Am§ =] A—Q.A—1l.... 3. 10T (P—s?)E’
even.

Thefe principles may be applied to the finding approxi-
mations in very many philofophical problems.

Cor. 1. From hence may be deduced the fubfequent arith-

metical theorems.

I 2m—2 : 2M~—2 . 2m—4
T 2m— 1 am—1 .2m—3 2m-—-1.27}2:3 2m—3
am—2 . 2m—4 .2m—0 Com— 2.2m—4. 2{nﬁ:—-f\)....2
im-—l.zm—g.zm—s.zm—jn.“2m—1 2M—3.2m—5.2m—7 . 3. 1
am—4

i

=15 or, which is the fame, —— Py R

21 = 4
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2m—4 X2m—6 \ om—2.om—6.2m—8 .. 4%
Q&MEXZM 5)(;;77 e 2M=—=3 . 2—5 . 2Mm—F . 2m—Q s e+ JXI
-.I, or -—}- am—b6 . 2m—6 . 2m—8 ... 4X2

27 = 2n—-5 2m—7 250 2M—7 + 2M—Q «s s 3X ¥
=1, &c.
n o 2m—13 m c2m—5
2m—2 2m~—2 , 2m—4 2=~ 2 . 2= 4 + 2—0

l 2m—3 . 2m—§ . 2m—7

@ I ® ¢ +

om—2 . 2m—4 . 2m=—6 . 2m—8

2m—3 . 2m—5§ o 2in=T « 2M—G » & . ] < § + 2 x!

i

om—2 . 2m—4. . 2m—0 « 2m—8 . 2m—10 ¢ . 6 . 4

2m—13 « 2M—§ . 2m—F . 2m—Q . . « 3 — 1. or
P — —de

om—2 . ZM—4 » 2m—06 . 2m—8 . 2m—10 . . 2

1 , 27,1”_;5 1 2M—§ o 2m—7 : &

2 — 4 2 —4 . 2m—06 2m—4 o 2m—0 | 2m—8

’7:?:5_;2?71—-7 « 2M=Q . » + § + 2 %

am—4 » 2m—6 . 2m—8 . . . 4

v — 6 . 2m—T . 2m—Qq » 2m=—I1 . -« § . 3
2P S z 2 = 1, &c.
2m—4 o 2m—0 % 2m—8 . 2m—~10"¢ 2M—I2 « . 4 . 2

3. By expanding the terms of the precedmg ﬁuents may
be deduced the arlthmetlcal theorems, viz.

I. Xn=3Xn—1I. T T S R N e
n—3 : A3 g
X?z———5.72—3.71-—1.n+[,,'.ﬂ+m__2+ n—4.72—-6

71-—3.71-—5.71-—7
xn—%7.n=5§5.8=3+0—=1..on+m— 4+
71—4.7l~6-n—8

e X B — Q.M — ] = §B—3 .1
R R 9.n—7FB—=5-%—3 +m—6

X2.4.6.8...

ﬂ—gv ;—5-:7;—7-71—-9.72—-11 o0 2

n--4-__71—-f) -"75:8 «n—10..+3

X 2 X X .o o
in+5+ 3 n——s-ﬂ 7.72——9-”—11.--2 46X8

m+5
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m+5x;i)=n—~x .n+1.ﬁ+3.n+5..;n+m+2xmié

if # be an odd number.

Lo}

X —3n8=1 4+l n+3 .. tidt2m4;+

e L X = § W H—3 A=) B g0 . W2 —]

Xh—9F .0— '.n—wﬁ.n-!'....n—mr—
n—3H—5.n—7 7 5 2 + / .)+
it Sl Rl SRy = B o+ 2m
T s P TITTms m3e 5

n—dq n—0 . 2—8 ...2 ‘ s
e o o > XI' . . « o 2702 =
+n—-—3 e B—=G en—7 JH—G e 3X 3-5-7 +35

n—1.n+1.n+3. n+5...n+zm+3x

+7, if # be an

even number.

4. Arithmetical theorems, fomewhat different, may be de-
duced from taking the fluxions of the preceding fluents, and
reducing the fractions refulnug to a common denominator by
multlplylng them into # — &%, (£ =x), (#—«* ) &c.

w6
I X = g et X B ] x 7= 1o
n—3 n— 3.;1-5 : n—g-n—s-n—7
r n—4 n—0-n— %_.‘Xﬂ-'lg..o—l-—g_——{fj{—:b n;wﬁ..:.gl
n—3.n—§5 n—7.1—Q B—=3B—5n—Ten—Qeces2
,rx'?—”—- n-—-4..n——0-7l——,8-7r——-10 e 3 x”*’% = o, ifiz be
‘ 2 ‘B—3en—§en—F e n—=Q.n—1lcee2 2
odd.
— 6 :
2. XN — é—'_———xn-"-l‘ ..___rf 4.7 X#H—10
n—3 n—3.n—§ n—3en—§5-n—7
— —_6 e n— — n—0.n—8...9
Ao4.n—b 2 n~-13...+_......”.__..“/L SR
n—3- n—5-n-—-7.n——9 H—3.n—§et—7—g 3)(1

'x 4= — o, if nbe even; or more general, if # be even,
S

3.
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G ri—=Oom B n—2m—2

— X N = 2 = ‘
n~—3.n—-5-n—7 n—q -, -n——2m—-—3 4+

n-«4, Hee QO o =8 o =10 ¢ o v 7 — 21 =4,

X(Mm+1 X n—2m—6—1)
N3 atim §en—] N —Qf=11.en—2m—3 ‘

n—dq  H—6 . 0—8 e n—10 e n—12 ., . 0~2m—0

+ A= —T — X
n—-—3.n——5.n—-7 n—g-rz—ll.n—ls-.-rs—-zm—-?
(771+I "+ XB—2M =0 — m+2)+

Fo—

n-a-4..n-—~6 n—-S.n——Io n—12 . n-—u,-...n——zm-—g

n—g n—=§en—~Foen—=Q en—~1Ilen—13¢n—15- «n—2m-—g

R (m+1 .”—f—;—f.wxn—zm—xo—m«x—z.ﬁﬁ) +
J

5}1—4.n—6.n—8-n—+10f-‘;.rz—~2m~10 x(m_‘_ mj:_z_.m-!'go
n—3 en—§ =7 e n—Q un—Ilecen—2m-—11 2 3

m—!. x”~2m—12—”1+20m+30”'1—-*‘:ﬁ' s o b o s +
4 2 3
_’_{—-4.n—b.n—‘8--.-2 X _‘;;'_F‘z'm—!—_g.m+4..... ¥—4
n=3.0=§ .07 e 3X1 2 3 N 2
:O.

. n—4.n—6.n—8. sm=om—2
4o == X%~ 21— 4 4

n———3 « n—§5 .7;:7 . n—- 9 . n—-2m——3

H—d =0 n=8.evn-—om—4

X (m41Xn—2m~06—1)4]

7"1—-3.11—-5.71——7.71—-9. en—2m—§

n—q .n—0.n—8 .. n—2m=b6

X(m+l --'—--—><Iz 271~ § =]

}z—-_g.n—s.n-—y.n——g  oti—om— 7

n—q4 .n—6.n—38...0—2m—8

m+2)+ —

= m+2
- m o r—
._3.71—5.n—-7.n_9...n__2m—_9x( +I 2 X

m+ 3 . ) m
3 xlz‘l‘Zﬂ'I"‘lO"“ﬂz-‘—z. +3)+o‘0000.+‘
— 4 e — .n—-?S.\... s 4

;"‘ ulhidnt LT3 X (41 m+2 N B ol S

H— 3N —5.n—F . N—Q.u 4 X2 . 3 n—om—g

' m + 3 m+ 4 n—3
m 2 ® s — e 6 @ B sineriry —
+ 2 3 rza-zm@7)

-4
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ke
B3 e =5 « B—T o« B—Q « v+ £X2

11“-4..;:;-‘().';2——25...5}(3 X”;_}_Z.m—}gxma}-z;
2 3

LS

n-— . .
~"73 =0, if #bean odd number.
n-—zm.—.s

Many more arithmetical theorems may be deduced from the
fluents of thefe and other fluxions by fimilar methods, which
cannot, without fome difficulty, be found- from the common
methods of finding the fums of feries.

This method of finding approximations to' the areas and
lengths of curves, fluents of fluxions, and fums of feries, &c. of -
which the equations, to their increments, fluxions, &c. are given
from the areas of curves, fluents, &c. of which the equations
to their increments, &c. differ by very fmall quantities from
the given equations was publithed in the Meditat. Analyt.

near twenty years ago.

I fhall conclude this Paper with two theorems of fome little
ufe in the do&rine of chances.

THEOREM 1.

H=a+éxatb—1 . atb—2ca+b-3 .. dtb—n+ti
=g.8—1.8—2..0—=t+14+%.8.a—1.8—2..8 n+2

n—1

. XBed—1.852.ea—0B+3Xb . b—1+n.

xb+n .

’%—1.73—;-—%@.4—1.4—2..d~ﬂ+4.)(b>(b-—1'.b—2+_'

=1 n—2 n—3 n—?—l—x — i
'“”"-Hzf T R T -(L)a.a ’I.a 2
—3vead—ntlFixXb b1 b2 i b=t 1d

Vors LXXXI, A a 7o
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,;z.’.z-:—l-a.a—;,x.'ﬁ.é—l .b——z..b—-n-{—3+fm.&.b-—lo
2

b—2...b—n+2+b. 1. b—2...0—-n+1.

If for a4-6-1,a4b-2, a+b—-3, &, a—-1, a~2,
&c., b—1, b-2, &c. be {ubflituted refpeCtively a4-6 -x,
a4b—2x, atb-x, &c., a~x, a—2x, a~3x, &c., . b-x,
b —2x, b —3x, &c., the refulting equation will equally be juft;
and, laftly, if for x be fubftituted o, 1t will become the bino=
mial theorem.

Cor. If there are two different events A and B, of which
the numbers are refpeQively 4 and &, and their chances
of happening alfo as 4 and 2; and if A’s happen, let the
whole number (a-}4) and alfo the number of A’s be dimi-
nithed by x, and in the fame manner of B’s happening, and
fo on; then will the chance of A’s happening #—/ times,

and B’s happening / timesin z trialsbe .X @ . a—x . @ — 2% . .
a~(n—l—1)xXb.b—x.b~2x..6—(/-1)x divided by H.

In a fimilar manner may be found, 1. the chance of A’s
happening between b and £ times; and, 2. the chance of A’s
happening (%) to B’s happening (%) times; 3. of A’s and B’s
happening refpetively 4 and % times more than the other;
4. the chance of A’s happening an even to its happening an
odd number of times, &c. in (») trials, &c. &e. &c.

THEOREM II,

=a+btc+d+&c. Xa+b+c+d+ &e. —-xxzfi-b+c+d
.l_x-}-&ic:—-zx.‘_.. .a+6+c+a’+&c.—(;z-(r)x=a cA=X  q—2x

gt

A+,



ffgﬁmte .S'u 105, 17t

. o1 )
Fro— .a.a-x.aw20. a0~ 3xx(5 b x+cxc-x

+d o d=xt&et2bet2bdt2cd+ &) + ... . +Lx(a,

a—x.4-2%...8 ~ [ = 1xXb.b=x.b-2% .. b-m=1x

L —

xc.c—~x.c-—2x.‘c-p-«- 1 Xd.d=x.d=24...

d-q - 1xX&c-*K)+&c, where L=2,

n=1 72

o Sl 4 e

S R e L FETTE.
n—lwm=1  mulepeng nel—m=p 1

— © =3 R
~”“I‘”;“”" . ”"‘"‘f”g"“?“"z - ”“l"’”;j’“q“ % &c. which is
the fame as the co-cfficient of the term &/ X&"xé X d?
x &c. in the multinomial & 4 4 + ¢ + d 4+ &e. raifed to the

‘power 7.

 The chance of any humbet of events A, B, C, D, &c. of
which the numbers are a, &, ¢, d; &c. happening /, , p, ¢, &c.
times refpectively in a fimilar manner to A’s and B's happening in
L x K

x”""l""m"‘P%

the preceding cafe will be

All the propofitions mentloned as immniediately deduciblé
from the preceding theorem may, mutatis mutandis, with the
fame eafe be applied to more events A, B, C, D, &c.

If for a, b, c, d, &c. be fubftituted the {ame letters, in=-
creafed or diminithed by any given quantities, the refulting
equation will be equally true.

Aas ER-
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